The effect of quantum "Bang-Bang" control on entangled states is studied. A system of two initially entangled qubits interacting with a bosonic environment is considered. The interaction induces a loss of the initial entanglement of the two qubits and for specific initial states it causes "entanglement sudden death". A pulsed control of both qubits leads to the preservation of the entanglement. It is also shown that a single pulse performed after the sudden death time induces an entanglement revival in the two qubits system.
Entanglement is an exclusive feature of quantum mechanics and represents one of the most counterintuitive phenomenon predicted by the theory. In the literature entanglement has been extensively studied in the field of quantum foundations and in technological field.
Entanglement is an essential ingredient for quantum information and quantum computation, which is known to be extremely more powerful than classical computation [1] . One of the problems for the implementation of quantum computation is the interaction of the physical system of interest (which would be responsible for such implementation) with the environment and its implications on the entanglement dynamics of the system. Recently, the possibility for the entanglement to vanish in finite time, while coherences decrease asymptotically has been extensively studied [2] [3] [4] . The so call entanglement sudden death depends on the hamiltonian that governs the dynamics and on the initial state.
In this scenario, the development of strategies to control and protect quantum states against the effects of the interactions with the environment is an essential ingredient for the implementation of quantum information technology. Much attention has been given to this matter, and a considerable number of strategies to prevent decoherence and to preserve entanglement were developed. Some examples of those strategies are: Quantum Zeno Effect (QZE) [5] [6] [7] , Super Zeno Effect [8] , strong continuous coupling [9, 10] .
In ref. [11] the authors show a strategy to suppress decoherence on a particular spin-boson system. The strategy consists on applications of a time varying control field that acts on the dynamics of the system, reducing unwanted effects of the interaction between environment and system of interest. The strategy was termed quantum "bang-bang" control. Latter, several applications for this strategy were proposed, in order to give an idea let us quote a set of examples. In Ref. [12] the authors studied the effects of pulsed control on a qubit coupled to a quantum critical spin bath. An investigation on the influence of the bang-bang pulses on the dynamics of quantum discord, entanglement, quantum mutual information and classical correlation in a cavity QED system was presented in Ref. [13] . In Ref. [14] the authors found a sudden transition between classical and quantum decoherence by choosing certain initial states in a two spin system, and propose a scheme to prolong the transition time of the quantum discord by applying the bang-bang pulses. Experimental realizations of the quantum "bang-bang" control have also been reported [15] [16] [17] .
In the present work, the quantum "bang-bang" procedure is implemented to protect entangled states. A system composed by two initially entangled quits interacting with a bosonic environment is considered. The interaction with the environment induces loss of the initial entanglement, and for specific initial entangled states it leads to entanglement sudden death. Performing spin flips (characteristic procedure of quantum bang-bang control) on both qubits we inhibit the loss of entanglement. In the limit of continuous spin flips the entanglement loss is completely washed out. It is also shown that, even after entanglement sudden death, applications of the spin flips can induce a revival of the entanglement.
I. THE SYSTEM
Let us consider a system composed by two qubits (S A and S B ) coupled to a single reservoir. The Hamiltonian of the system is given by
where ω 0 is the frequency related to the quantum transition on subsystem S A and S B , ω k are the modes frequencies, g k are the coupling constants and a † k (a) is the bosonic creation (annihilation) operator. The interaction Hamiltonian H int is the generalization for two qubits of the spin-boson model [18] .
In the interaction picture the evolution is governed by the Hamiltoniañ
The time evolution operator can be written as:
where
Let us consider that the global system, composed by the two qubits subsystem S A -S B (S) and the reservoir (R), is in a initial state
where The evolution of each matrix element of ρ S in the basis {|00 , |01 , |10 , |11 } is given by:
where i; j; k; l = 0, 1. Notice that the diagonal elements do not evolve in time.
Let us consider ρ S (0) in a maximal entangled state
The time evolution gives,
00,00 (t)|0, 0 0, 0| + ρ
11,00 (t)|1, 1 0, 0| , where ρ
00,00 (t) = ρ
Following the calculation of ρ
11,00 (t) we can write,
is the harmonic displacement operator. Notice that for each mode on Eq.(10) the quantity [ρ R,k (t)D(α k )] is the symmetric order generating function for a thermal harmonic oscillator [19] . Therefore, ρ (1) 11,00 (t) can be written as
is the spectral density of the bath. For the calculation that follows, let us consider the spectral density with the form
where the parameter η > 0 is the strength of the system-reservoir coupling and ω c is the cutoff frequency. For more details about the reservoirs characteristics see [11] and the references therein.
The system-reservoir interaction affect the initial entanglement between S A and S B . To investigate such entanglement dynamics we calculate the concurrence [21] between S A and S B as a function of time for the initial state on Eq.(6)
01,10 (t)| − ρ
00,00 (t)ρ
11,11 (t); |ρ
10,10 (t)ρ
01,01 (t) = 2|ρ
(1) 00,11 (t)|.
If we consider the initial state 
for subsystem S A and S B , the concurrence is given by:
11,00 (t)| − ρ
01,01 (t)ρ
10,10 (t) .
The loss of entanglement on subsystem S A -S B induced by the interaction with the reservoir is illustrated in Fig.1 for the initial state (6) and in Fig.2 for the initial state (15).
In Fig.1 the entanglement decrease asymptotically while in Fig.2 the evolution shows the entanglement sudden death. The parameters chosen in both figures corresponds to the high-temperature reservoir [11] . 
II. ENTANGLEMENT PROTECTION
In this section a quantum "bang-bang" control of the entanglement on system the S A -S B is shown. Such control is against the loss induced by interaction with the environment. The quantum "bang-bang" control is based on ative external control performed by a sequence of pulses acting on a spin system. In the quantum "bang-bang" control of the entanglement on the subsystem S A -S B , we consider a sequence of pulses acting (at the same time) on the subsystem S A and on the subsystem S B . Each pulse can be represented by an unitary operator. The hamiltonian that governs the time evolution of the global system submitted to a sequence of pulses in Schrodinger picture is given by
represents a monochromatic alternating magnetic field at resonance, applied on the subsystem S K , with K = A, B. The function V n (t) is a constant V for the entire duration of each pulse and is zero elsewhere. The number of pulses in the sequence is N, each of duration τ p and applied at instants t (n)
The interval between pulses is ∆t. To perform the quantum "bang-bang" control we consider pulses satisfying the condition 2V τ p = π, and suppose that V is large enough to yield almost instantaneous pulses, i.e.,
. The effect of each pulse is a spin flip on the subsystem S A and on the subsystem S B .
In the interaction picture the unitary evolution operator for the j-th pulse can be written
For details on the calculation of U A p j and U B p j see Ref. [11] .
A. Single pulse
To illustrate the effect produced by the pulses on the entanglement dynamics of the two qubits system, we investigate a single pulse that divides the interaction between S A -S B and R in two steps. Let us consider the evolution of the initial state ρ
S (0) (Eq. (6)) given by:
where I (R) is the identity operator on the subsystem R. In the first step of the evolution (0 ≤ t < t (1) p ), the spin system interacts with the reservoir. At the time t = t (1) p the spin system undergo a pulse. In the second step of the evolution (t > t (1) p ) the spin system interacts again with the reservoir. The time evolution is given by
00,00 (t)|0, 0 0, 0| + ρ 
and
The spin flip induces a change in the entanglement evolution, part of the entanglement lost on the first step is recovered in the second step. To make it clear we calculate the concurrence C (1) (t) = 2|ρ
11,00 (t)| and show the effect of a single pulse in a graphic (Fig.3) . In this calculation we apply the same method used in the first section to calculate the matrix element in Eq. (11) and (12) .
11,00 (t)| = exp 4η
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The graphic in Fig.3 clearly show the change on the entanglement dynamics induced by a single pulse performed at the time t = t (1) p . In the time interval 0 ≤ t < t (1) p the subsystem S A -S B interacts with the reservoir R and the entanglement of the spin system decrease as it was shown in Fig.1 . At the time t = t (1) p the qubit system undergo a pulse (the spin flip described in the previous section). For t > t (1) p the spin system interacts again with the reservoir, but in this second step of the interaction the entanglement increases for a finite time interval. Part of the initial spin system entanglement that was lost on the first step of the interaction is recovered and the concurrence reaches a local maximum. After the entanglement decreases again. 
B. Revival of entanglement
Let us now consider the initial sate ρ S of Eq. (15) . As it is shown in the first section, the entanglement dynamics of ρ (2) S presents entanglement sudden death. In this section it is shown that if a single pulse is performed on the spin system, after entanglement sudden death time, it can induce a revival of entanglement.
The evolution of ρ (2) S with a single pulse performed at t = t (1) p is given by
The entanglement dynamics is given by the concurrence C (2) (t) = 2 max 0; |ρ
10,10 (t) ,
following the calculation in previous sections ρ
01,01 (t) = ρ
10,10 (t) = 0.2,
11,00 (t) = 0.3 exp 4η
00,11 (t) = 0.3 exp 4η
where B(ω) is given by Eq.(25).
In Fig.4 it is shown the entanglement revival. The spin flip performed after the sudden death time induces the entanglement revival and part of the two qubits system initial entanglement is recovered.
C. A sequence of pulses: Entanglement quantum bang-bang control
In this section we show the quantum "bang-bang" control of the spin system entanglement. The evolution that represents the "bang-bang" control is a sequence of N pulses (where N is an even number) and can be written as
Let us consider a sequence of two pulses, the n-th and n+1th. The pulses are performed at time t 
If the time internal between two pulses goes to zero, ∆t → 0, we have D → 0 and U p n+1Ũ (∆t)Ũ pnŨ (∆t) → I, where I is the identity operator of the global system.
Notice that we can also writeŨ N as
When ∆t → 0 we haveŨ N → I and consequently, the preservation of the initial state of the global system.
In conclusion, it is shown the quantum "bang-bang" control of entanglement in a system of two qubits S a and S b . The control is performed by a sequence of pulses applied on the subsistem S a -S b . When the time interval between the pulses goes to zero, the initial entanglement on S a -S b is completely preserved. It is also shown that for initial states of S a -S b whose evolution presents entanglement sudden death, a single pulse applied after the
